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1. INTRODUCTION 
The subgroups of 2 and 3-dimensional linear groups in characteristic p > 0 
have been known for some time. A detailed account of the subgroups of 
PSL,(q) can be found in Dickson [6]. The 3-dimensional case was studied by 
Mitchell [16], Hartley [ll], and Bloom [3]. 
The 4-dimensional groups have also received some attention. Mitchell [ 171 
determined the subgroups of the 4-dimensional symplectic groups in odd 
characteristic. More recently, the work has been extended by Flesner [7] to 
4-dimensional symplectic groups in characteristic two. Johnson [14] has also 
done some work on the subgroups of PSL,(p), p an odd prime >3. 
In the present work we prove the following 
THEOREM 1.1. Let G = PSL,(q), q = 2” and let q’ = 2v where v divides 
m. If H be a maximal subgroup of G, then H is isomorphic to one of the following 
groups: 
(i) Gcp) and G~,J , the afine and dual afine subgroups of order 
4Yq3 - 1w - l)(!l - 1) 
(ii) Gtz) , the stabilizer of a line 
I G(t) I = q’% - lj3(q + 1)” 
(iii) If q > 4, G(m) , the stabilizer of a tetrahedron, 
I Go, I = 2% - 1)” 
* This paper is based on the author’s Birmingham University Ph.D. Thesis. The 
work was done under the supervision of Professor D. Livingstone and was financed 
by the University of Zambia. 
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The numerical factor 24 is the symmetric group of degree 4 on the vertices of such 
a tetrahedron. 
(iv) If q > 2, a group HI = GclI,la) of order 
312(q - 1 j3(!7 + lJ2 
II and l2 are mutually skew lines and HI preserves them. 
(9 A group H2 = GUI& of order 
h12(q2 - l)(q2 + l)(q + 1) 
iI and l2 are mutually skew lines in PG(3, q”) and Hz preserves them. 
(vi) PSL,(q’), m/vprime 
(vii) Q,(q), a symplectic group 
(viii) U,(q’2) if q = q’2, a unitary group 
(ix) If q = 2, A, , the alternating group of degree seven. 
The methods we use are to a large extent group-theoretic and center 
around properties of 2-elements and the groups they generate. The results of 
Aschbacher [2], Gorenstein [9], Piper [19] and Wagner [24] shorten our work 
considerably. 
The following well-known result is basic in our work: If M is a minimal 
normal subgroup of a group H, then either M is an elementary abelian 
p-group for some prime p or M is a direct product of isomorphic nonabelian 
simple groups. (See, for example, Gorenstein [lo, p. 171). 
We divide our work into two main cases: 
Case 1. A minimal normal subgroup M is an elementary abelian p-group, 
Section 5. 
Case 2. A minimal normal subgroup M is a direct product of isomorphic 
nonabelian simple groups, Sections 6 and 7. 
Two subcases (A) and (B) are distinguished: 
(A) M is generated by transvections, Section 6 and 
(B) M contains no transvections but contains involutions of type 24 , 
Section 7. 
Section 4 is introduced chiefly so that right from the start we have good 
control of the groups A, , A, , A, and PSL,(7). Such control comes in handy 
in later sections. 
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2. DEFINITIONS AND NOTATION 
Unless otherwise stated, G will denote PSL,(q), q = 2”“, q’ will denote 2” 
where v is a divisor of m, M will denote a minimal normal subgroup of a 
group H C G and Si the factors in the direct product: 
M = S, x S, x . . . . 
We will sometimes use S to refer to any one of the Si . A dot or omitted 
entry in a matrix will be understood to be a zero and * will stand for an 
arbitrary element of GF(q) = F, . 
$, and A, will denote the symmetric and alternating groups (respectively) 
of degree n. C, is a cyclic group of order n. 
The notation for the linear groups is standard: GL,(q) will denote the group 
of all 1z x n nonsingular matrices over a finite field F, , PGL,(q) the group 
GL,(q) modulo its center, SL,(q) the subgroup of GL,(q) consisting of all 
matrices of determinant 1, PSL,(q) is the image in PGL,(q) of SL,(q). Sp,,(q) 
is the subgroup of SL,,(q) leaving a nondegenerate sympzectic form invariant 
and SU,(q2) is the subgroup of SL,(q2) 1 eaving a nondegenerate Hermitian 
form invariant. We will denote the corresponding projective groups by 
PSp,,(q) and U,(qz), respectively. 
For a definition of a projective space the reader is referred to Artin [l]. We 
will denote an (n - I)-dimensional projective space over F, by PG(n - 1, q). 
A cdineation of PG(n - 1, q) is a one-to-one map of PG(n - 1, q) which 
preserves incidence. 
3. THE GROUP G = PSL,(q), q = 2” 
G is a simple group of order q6(q” - 1)(q3 - l)(q2 - 1). It acts as a doubly 
transitive permutation group on the points of the projective space, PG(3, q) 
and has rank 3 on the lines of this space. 
The stabilizer of a point, Gtp) , can be represented by matrices of the form 
[‘-i”‘l 
where A is any element of G&(q). 
The stabilizer of a line, G(r) , can be represented by matrices of the form 
and B E GMz) 
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A 2-Sylow subgroup of G can be represented by all matrices of the form 
G has two classes of involutions: the transvections, which can be represented 
by the matrix 
2, = 
‘1 1 
L 1 1 I 
and products of two commuting transvections which can be represented by 
2, = 
We shall sometimes refer to transvections as involutions of type 2, and refer 
to the other class of involutions as involutions of type 2, . 
G has two classes of elements of order 4. They are elements of type 4, 
which we can represent by the matrix 
and elements of type 4B which we can represent by the matrix 
It is clear that G has no elements of order 8. These properties of a 2-Sylow 
subgroup of G will play an important role throughout our work. 
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Types of Collineations 
Let 01, P, y and 6 be primitive roots of Fq , F,; , Fg3 and Fp4 respectively such 
that a z /$+I = $+q+l = @+q'+q+l, Then each element of GL,(q) is 
conjugate in GL@) to one of the following similarity types: (See, for 
example, Dickson [6]) 
I L 
s y 
1 [41' 
d 
I r 
9 
[31]’ 
ci* 
1 1 
B” 
1 P21' 
a? 
01s 
1 
P * 
PI21 
B sq I L 
1 I 
as 
[I41 
d 
1 r, s distinct o? 
I 
Lx 11’ 2 
84 
L 
aa 
[I”, 11 
1 
cis 
P, 
21 
I 
B’ 
P, 21’ 
L 
c.8 
P, 21” 
[12, I21 
I 
as 
[12, 1, I 
017 
11 
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Lx’ 1 
1 1 
r, s distinct 
r, s, t, w all distinct 
The number of classes in CA?&) corresponding to each similarity type and 
rhe order of the corresponding centralizer can be found in Dickson [6]. In 
the projective representation to get PGL,(q), the number of classes of each 
type drops by a factor of q - 1 and there is a corresponding drop in the 
centralizer of a given element. 
In Table I we give a brief description of the cnllineations. 
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TABLE I 
Type 
--- 
Action on PG(3, q) Order 
[41 = 4, 
[41’ 
[31] = 4, 
1311’ 
[22] = 2, 
Lw 
P21 
[212] = 2, 
[21 “I’ 
u41 
[3, 11 
c21, 11’ 
Pl, 11 
[13, 11 
FL 21 
P, 21' 
IT, 21" 
P, 17 
C12, 19 
[2, 1, 11 
V”, 1, 11 
[l, 1, 1, 11 
Fixes unique point P, line I and plane rr 
such that P C 1 C 7 
Irreducible 
Fixes q + 1 points and same number of 
lines. Square is a transvection 
Fixes unique nonincident point-plane 
pair and no lines 
Fixes unique line pointwise and a further 
q2 + q lines setwise 
Fixes q2 + 1 mutually skew lines and 
no points or planes 
Fixes unique line and no points or planes 
Transvection. Fixes unique plane PL 
pointwise and all planes through a 
point P C P’-. PL called axis and P 
called center of this transvection 
Fixes unique line pointwise and a further 
line setwise 
Identity transformation 
Fixes 2 lines 1, and I, and 2 points: 
I1 n la and P C I, 
Fixes 2 skew lines I, and I, and 2 points on I, 
Fixes q + 2 points and 2q + 2 lines 
Homology. It fixes all the points of 
a unique plane PL (= axis) and a further 
4 
a divisor of 
q3tq2+q+1 
4 
a divisor of q3 - 1 
2 
a divisor of q + 1 
2d where d 
divides q + 1 
2 
a divisor of q2 - 1 
1 
4d, d a divisor 
ofq- 1 
a divisor of q2 - 1 
2d, d 1 q - I 
a divisor of q - 1 
point P Q PL and all planes through P (= center) 
Fixes 3 lines I 1 I and the 1, 2, 3 2d, d a divisor 
points I, n I, and 1, n I, ofq- 1 
Fixes 2 mutually skew lines and no points a divisor of q2 - 1 
Fixes 2 skew lines and a point on 2d, d 1 q’ - 1 
one of these lines 
Fixes q + 2 points and q + 3 lines 
Fixes 2 mutually skew lines pointwise 
Fixes the 3 vertices of a triangle and its 
3 edges and a further line through 
one of the vertices 
Fixes q + 3 points and 2q + 4 lines: 
Fixes only the vertices of a tetrahedron and 
its six edges and four faces 
2d, d 1 q - 1 
a divisor of q - 1 
2d:dlq - 1 
divisor of q - 1 
divisor of q - 1 
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4. THEN-MODULARREPRESENTATIONSOFTHE GROUPS A,,A6,A, ANDPSL#) 
AND SOME APPLICATIONS 
4.1. The Irreducible 2-Modular Representations 
One can verify that the groups A, , A, , A, , and PSLs(7) have the following 
decomposition matrices (mod 2). (Details can be found in [18]). 
A,: 
\ 
1 
5 
5 
9 
10 
1 4 4 8 8 
8 
8 
/ . . . 
1 . . - 
A,: \. 1 14 20 6 4 4 
1 1 . . . 1 . 
14 
; 
1 . , . . 
15 1 . . . . 
21 1 . 1 . . . 
3’5 1 1 1 . . . 
6 . . . 1 . . 
14 . . . 1 1 1 
10 . . . 1 1 
10 . . . 1 . i 
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4.2. 2-Modular Representations of A, of Degree 4 
Throughout this section, x and x are generators of F4* and (X, Y) is the 
group generated by X and Y. 
THEOREM 4.2. Any A, in G is conjugate to one of the following groups 
(i)-(vii): 
i 
I 
l 0 
Xl 
(iii) __- 
\ 
1X 
1 
JI 
> 
(vii) ; 
i[* 1 
0 
1X 
. 1. 
1 . 
. 1 
1 1 
. 1 
r 
1 
1 
1 
(ii) 
I 
x x 
- 0 
. x 
-- 
1 
il 
I 
i : 
-- 
1 
\ 
- 
x . 
lx I 
\ 
I 
(iv> 
i 
(vi) ( 
\ 
i 
1 . 1 
. 1 . 
3 
i 
: 
1 
1 
1 
. \ 
:i I 
-1. o 
Xl 
- IL 
1% 
0 
x . 
-- -- \ 
1.’ 
%l x . 1 
1X 
i’ 
Proof. The results of Section 4.1 tell us that A, has an absolutely irre- 
ducible representation of degree 4. Any faithful reducible representation of A, 
in G must have one of the following forms: 
We use the fact that A, can be defined by the relations X2 = Ya = (XY)5 = 1, 
and that all A6’s in S&(2”) are conjugate. The rest follows by direct computa- 
tion, details of which can be found in [lg]. 
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4.3. Some Applications 
THEOREM 4.3.1. G contains two classes of groups isomorphic to $s . Each & 
is contained in an $6 . 
Proof. The only A,‘s that can be contained in an $s are those which 
contain an element of order 5 which is conjugate to all its powers in G. From 
Theorem 4.2 the only A,‘s with this property are those that are conjugate to 
the ones in PSL,(2). In the latter group, every A, is contained in an $s and 
every $5 is contained in an $s and there are two classes of groups isomorphic 
to $5. 
THEOREM 4.3.2. G contains three classes of groups isomorphic to PSL,(7). 
Each of these is reducible. 
Proof. From Section 4.1 we know that the nontrivial 2-modular represen- 
tations of PSL,(7) of d e g ree <4 have degree 3. Using this fact and the fact 
that in SL,(2”) all the groups SL,(2) are conjugate, we find that we only need 
consider representations of SL,(2) ru PSL,(7) in G of the form 
[b *: ] ordually [. y. i] 
Direct computation shows that there are three classes of these groups and 
they can be represented as follows: 
and 
and its dual. Here we use the fact that PSL,(7) can be defined by the relations 
.A? = Y3 = (XY)’ = 1. 
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THEOREM 4.3.3. G contains one class of groups isomorphic to A,. 
Proof. A, has two 4-dimensional2-modular representations both of which 
can be realized over F, . PSL,(2) has one class of groups isomorphic to A, . 
The result follows. 
THEOREM 4.3.4. G contains one class of groups isomorphic to A, . 
Proof. This follows immediately from the results we have obtained in 
Section 4.1 and from the fact that PSL,(2) E A, has one class of groups 
isomorphic to A, . 
5. LOCAL SWGROUPS 
DEFINITION. A subgroup H of G is called a p-local subgroup if it is the 
normalizer of an elementary abelian p-group for a fixed prime p. 
The main result of this section is the following: 
THEOREM 5.1. Let H be a p-local subgroup of G. Then H is contained in 
one of the following groups: 
(i) Gtp) or G~,J , the stabilizer of a point OY its dual, the stabilizer of a 
plane. 
(ii) Gtl) , the stabilizer of a line 
(iii) Gto, , the stabilizer of a tetrahedron 
(iv) HI = Gtl,,I,) , the group preserving a pair of mutually skew lines of 
PG(3,q). I f4 I = 2& - 1)3(q + 1)’ 
(v) H, = Gtil,iz, , the group preserving a pair of mutually skew lines of 
PG(3, q’). 
I f-h I = %W - 1 W' + l)(q + 1). 
We let M denote a minimal normal subgroup. We also use the fact that if 
1 M j is odd, M is diagonalizable in a suitable field extension. The results 
summarized in Table I (Section 3) are used freely. 
Case I. M has even order, 2”. 
Let F(M) be the set of points left individually fixed by M. F(M) # 0 
since the number of points in PG(3, q) is odd. 
Now a transvection fixes only the points of a plane and an involution of 
type 2, fixes only the points of a line. It follows that F(M) generates a point, 
a line or a plane. Consequently, the normalizer, N,(M), of M is reducible. 
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Case II. M has odd order, pr. 
(4 P I cz - 1. 
If T is a transformation of G with the property that its order divides 
q-- 1,thenTbelongstooneofthetypes[13, 1],[12, 12],[12, 1, l]or[l, 1, I, l] 
where the notation is as in Section 3. 
Subcase M contains transformations of type [ 1, 1, 1, 11. 
A transformation of this type fixes exactly the vertices of a tetrahedron. 
M and hence its normalizer must fix this tetrahedron. 
Subcase M contains transformations of type [ 13, I]. 
A transformation of this type is a homoZogy. If o and r are two commuting 
homologies with center-axis pairs (P, P’) and (Q, Q’) respectively, then 
eitherP=QandPl =Q1orelseP#QandPL#QLandPCQL,QCPL. 
These conditions imply that there can be at most four different centers of 
homologies in M. It follows that N,(M) is contained in at least one of Gcp) , 
G(r) , Gc,,, or Gto) where P is the unique center if M has one center, 1 is the 
line joining the two centers if M has two centers, rr is the plane containing the 
centers if M has three centers not all collinear and 0 is the tetrahedron whose 
vertices are the centers of homologies in M if M has four centers. 
Subcase M contains transformations of type [12, 1, 11. 
Recall that a transformation T of this type fixes one line Zr pointwise and a 
further two points PI and Pz not on lr . PI and Pz are left fixed by the cen- 
tralizer, C,(T). It follows that the normalizer of M preserves the lines Zi and 
(PI , Pz) or else it preserves the tetrahedron whose vertices are the points PI , 
Pz , Qr and Qs where Qt and Qs are on li . 
Subcase M contains only transformations of type [la, I21 
We recall that a transformation of this type fixes two mutually skew lines 
Zr and I, pointwise and no other points. The centralizer of a cyclic group of 
this type contains a PSL,(q) on each of these lines, and has order 
$(q - l)s(q + 1)2. We will denote by Gu,r,) the normalizer of a cyclic 
group of this type. If M contains more than once cyclic group of this type, it 
is not difficult to see that M and its normalizer fix a unique tetrahedron. 
(b) p1q2- 1 butp {q- 1. 
In this case T belongs to one of the types [212]‘, [21, l]‘, [22]’ or [2,2]‘. 
If M contains cyclic groups of the type [212]‘, [21, 11’ or [2, 21’ it is not 
difficult to verify (using the results of Section 3) that M is contained in a group 
preserving a pair of mutually skew lines. We thus concern ourselves only with 
the 
Subcase M contains only transformation of type [2?-]’ 
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A cyclic group (TJ of this type fixes exactly q* + 1 mutually skew lines 
and no points. Its full centralizer in G is C,,, x PSL,(q’) and is clearly 
irreducible. Since this PSL,(q*) fi xes two mutually skew lines of PG(3, q”), 
we will denote the normalizer of a cyclic group of this type by Hz = Gcil,i2, 
where ii and i, are mutually skew lines with coordinates in F,, . 
If ( T2) be another cyclic group of this type in M, then (Ti , T,) and hence 
111 fixes exactly two lines since (T,) is a subgroup of PSL,(q2) on q2 + 1 
symbols whose order divides q’ - 1. In this case the normalizer of M is 
contained in a group preserving the two lines. 
(c) pi4”- 1 butprq- 1. 
T is necessarily of the type [31]’ and so fixes a unique point. Clearly 
~‘,(W C G(p) . 
(d) p / q” - 1 but p ,i- (q2 - 1). 
M contains precisely one cyclic group, (T), of the type [4]‘. T is contained 
in a PSL,(q2) centralizing a cyclic group of type [PI’. Since (T) is normalized 
by an involution in PSL2(q2) and T is not centralized by an involution in 
G and 
No< WCAT) = C, 1 
it follows that the normalizer of (T) is contained in Gtil,iz~ , the normalizer 
of a cyclic group of type [22]‘. This completes the proof of Theorem 5.1. 
6. PRIMITIVE SUBGROUPS H OF G WHICH HAVE THE PROPERTY THAT A 
MINIMAL NORMAL SUBGROUP M OF H IS NOT SOLVABLE AND IS GENERATED 
BY TRANSVECTIONS 
The main result of this section is the following 
THEOREM 6.1. Let H be a primitive subgroup of G which has the property 
that a minimal normal subgroup M of H is not solvable and is generated by 
transvections. Then H is contained in one of the following subgroups of G: 
(i) PSL,(q’), m/v prime, 
(ii) SPkd, 
(iii) U,(q) if q = qf2. 
DEFINITION. A subgroup H of G is primitive if 
(a) H is irreducible, 
(b) H is not contained in the stabilizer of a tetrahedron, 
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(c) H is not contained in a group preserving a pair of mutually skew 
lines of PG(3, Q). 
Case M and S are irreducible: M = S 
LEMMA 6.2. Let M be a simplegroup satisfying the conditions of Theorem 6. I. 
Then M is isomorphic to one of the following groups, all in their standard 
representations: 
(i) PSL,(q’), q’ = 2”, Y / m, q = 2”“, 
(ii) Sp,(q’), q’ as in (i), 
(iii) U,(q’), v even and v j m. 
Proof. Since M is simple and contains transvections, M is generated by 
transvections. Given any center P of a transvection in M, either the axis P’ 
corresponding to P is uniquely determined or else P has more than one axis. 
The following result of Piper [19] deals with the latter case: 
Let H,, be a $nite Desarguesian projective space and let II be a colhneation 
group of Hk such that 
(a) some hyperplane of Hk is the axis (of an elation) for more than one 
center or vice versa and 
(b) the subgroup generated by the elations in D$xes no subspace of Hk . 
Then either 17 contains PSL(H,) or Hk is the plane of order 4 and IT ‘v A, or 
$s . This result gives us the groups PSL,(q’). So we suppose that for a given 
center (of a transvection) there is a unique axis and vice versa. In this case, the 
product of two noncommuting transvections has odd order. This can be seen 
by observing that if (P, P’) and (Q, Q’) are two center-axis pairs, then 
PC Q’ implies Q C Pl. At this point we may apply the results of 
Aschbacher [2]. 
THEOREM 6.2.1 (Aschbacher). Let P be a Jinite group generated by a 
conjugacy class D of odd transpositions. Assume P has no nontrivial solvable 
normal subgroup and P’ = P. Then one of the following holds: 
(1) I’ CI! $, (n > 5) and D is a class of ordinary transpositions 
(2) P ‘v Sp,(q), U,(q) or O,(q), q even and D is a class of transvections. 
(3) P N “O,,‘(q), q = 3 or 5, an orthogonal group over F, and D is a 
class of reflections. 
(4) P ‘v L,(q) 2 $, , q > 2, even (wreath product) 
(5) P ‘v Sz(q), a Suzukigroup 
(6) P N F, F one of the Fischer groups. 
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We proceed to show that in our case the only groups in the above list which 
satisfy the conditions of Lemma 6.2 are Sp,(q’) and U,(q’). 
First we consider the groups PO,‘(q), q = 3 or 5. Since we are only 
interested in the simple groups, we will only concern ourselves with the 
commutator subgroups, PsZnE(q), of these groups. For the various isomor- 
phisms and other properties of orthogonal groups used here, the reader is 
referred to Artin [l] or Dickson [6]. 
Case n = 3. 
O,(3) is a solvable group isomorphic to PGLs(3). 
O,(5) II PGLa(5) and P&(5) 5 A, . 
When -4, is generated by transvections, it is reducible (Section 4). 
Case n = 4. 
PQ,+(q) N PA’&(q) x PSL,(q) and PQ,-(q) N PSL,(q2) 
Z%),(3) is a solvable group of order 2432. 
PG,-(3) ‘u P&(9) CT! A, . 
A, is not generated by transvections (Section 4). 
PQ,‘(5) is not simple. 
PQ,-(5) N PSL,(52) which is not a subgroup of G for the following 
reason: PSL,(S?) contains a subgroup isomorphic to A, and has order 
2s . 3 . 5z 13. If PSL2(52) is contained in G, then it contains homologies of 
order 3 since it has elements of order 12. This implies that G contains an 
Aj containing homologies. This is impossible by Section 4. 
Case n = 5. We have 
wiq) = PSP,(!d* 
R-J,(3) N z?sp,(3) !Yz U4(22) 
P-%(5) ‘v P@,(5) 
We claim that r = Z’@,(S) is not a subgroup of G. For, suppose rC G. 
Since I’ contains a subgroup isomorphic to A, (see Mitchell [17]) and r 
contains homologies of order 3, we must have that A, also contains homologies 
of order 3. This is impossible by Section 4. 
Case n = 6. Here we show that all the groups PQ,k(q), q = 3 or 5 have 
elements of order 8 and therefore cannot be subgroups of G. 
We have the following isomorphisms: 
PAz,-( p”) ‘v PSU,( p’s) and I%,+( p”) ‘v P&X,( P”). 
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It is not difficult to verify the following statements: 
(a) P.%,(S) has elements of order 8 corresponding to the matrix 
[’ u6 a3 ul,l (J a primitive root of GF(25) 
(b) PSI?J~(~~) has elements of order 8 corresponding to the matrix 
u a primitive root of GF(25) 
(c) PSU,(32) has elements of order 8 corresponding to the matrix 
p a primitive root of GF(9) 
(d) P,!&(3) has elements of order 8 corresponding to the matrix 
j3 a primitive root of GF(9). 
Any higher-dimensional orthogonal groups over GF(3) or GF(5) cannot 
occur as subgroups of G since any such groups will involve at least one of 
P&*(3) or R&*(S) and so will contain elements of order 8. 
The Fischer groups cannot occur as subgroups of G since they all involve the 
unitary group, U6(22) (see Fischer [8]) which has elements of order 8 as we 
shall see in a later discussion. 
The Suzuki groups, Sz(q), will be discussed in Section 7 where it will be 
shown that they are not generated by transvections. 
Now consider the groups SP,(~~), U,(2’). SP,(~~) C G * n < 4. For, 
consider Q,(2). This group contains a subgroup O,+(2) N $s which, it is 
well known, has elements of order 8. It follows that Spa(2) and any group 
involving it will have elements of order 8. 
In a previous discussion we stated without proof that U6(22) has elements of 
order 8. Since Us(22) 3 Sp,(2), we now have proof of that statement. 
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U,(2’) C G 2 tl < 4. For, consider U5(22). This group has elements of 
order 8 which can be represented by the matrix 
Since any higher-dimensional unitary group 
teristic will involve Ur,(22), the result follows. 
over a field of even charac- 
Finally we consider the groups li,(q’), usi,(q’), Sp,(q’) and Sp,(q’) as 
subgroups of G generated by transvections. If the product of two different 
commuting transvections (J and 7 is again a transvection, it follows that 0, T 
have the same center and the same axis. Groups generated by transvections 
with more than one transvection for each center-axis pair are listed in Wagner 
[24]. They are PSL,(q), PSp,(q) and tJJq) all in their natural representations. 
Since the groups Lrd(2’), Us(29, Sp,(29 and A’~,(29 with Y, s > 2; t, u > 1 
have this property, they all occur in their standard representations. It follows 
that Ua(29, s > 2 and Sp,(2”), u > 1 when generated by transvections are 
reducible. Ua(22) and Sp,(2) are not simple. That Up(22) can only occur in G 
in its standard representation will be shown by Wagner in work subsequent to 
[24]. In Section 4 we showed that Sp,(2) ‘v S, occurs only in its standard 
representation. 
This completes the proof of Lemma 6.2. 
We now consider the possible normalizers of the groups of Lemma 6.2. 
We prove 
LEMMA 6.3. The groups PSL,(q’), Sp,(q’) and U,(q’) are self-normalizing 
in G. 
Proof. We prove the Lemma by a series of Remarks 6.3.1 through 6.3.3. 
Use is made of the following result of Steinberg [20]: 
Let r be a finite group of normal or twisted type and let 0 be an automor- 
phism of r. Then there exist inner, diagonal, graph and field automorphisms 
i, d, g, f respectively such that 0 = idgf. 
Remark 6.3.1. PSL,(q’) is self-normalizing in G. PSL,(q’) is a Chevally 
group of type A,(q’). Its outer automorphisms arise from its graph, the field 
F,, and from conjugation by elements of PGL,(q’) which are not in PSL,(q’). 
Let g,f and d denote these automorphisms respectively. Since PGL,(q’) and 
PSL,(q’) coincide in this case, d = 1. We claim that (PSL,(q’), g) q G. This 
is immediate because 
481/41/I-7 
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Also (PSL,(q’), f) $! G if f . is nontrivial because f must centralize P?&(2). 
But P.!&&(2) does not centralize any nonidentity element of G. The remark is 
thus proved. 
Remark 6.3.2. Sp,(q’) is self-normalizing in G. Sp,(q’) is a Chevalley 
group of type B,(q’). PSp,(q’) = Sp,(q’), so d = 1. (Sp,(q’), g) g G because 
(Sp,(q’), g) 1 (Sp,(2), g) ‘v PrLa(9) Q G since it contains elements of 
order 8 as we will see in Section 7.3.2. (Sp,(q’), f) q G where f is a nontrivial 
automorphism of F,, because f must centralize Sp,(2) in (Sp,(q’), f ). This is 
impossible inside G. 
Remark 6.3.3. U,(q’) is self-normalizing in G. U,(q) is a twisted group of 
type 2A,(q’). We need only consider the case where the group normalizing 
U,(q’) in (U,(q’), f ). f must centralize Sp,(2) is (U,(q’), f ). As in 6.3.2, this 
is impossible inside G. 
This completes the proof of Lemma 6.3. 
Case M is Irreducible but S is Reducible 
LEMMA 6.4. Let H be an irreducible subgroup of G containing some trans- 
vections. Suppose that the subgroup T(H) of H g enerated by all transvections of 
H is reducible. Then T(H) fixes exactly two skew lines and no points and H is 
contained in a group preserving the two lines. 
Proof. We first prove that T(H) d oes not fix any point. For suppose it 
does. Let P be a point fixed by T(H). Every transvection r in T(H) fixes P 
and so P lies on all axes of transvections in T(H). 7 also fixes all the points 
in the orbit of P under H, PH, for all transvections r in T(H). Since a trans- 
vection fixes exactly the points of a plane and no other points, we must have 
that the points in PH belong to a plane, n. If the points PH are collinear, the 
line joining them is fixed by H. If they are not all collinear, then = is fixed by H 
contradicting, in either case, the irreducibility of H. 
Now suppose that T(H) fixes some lines. T(H) does not contain center- 
axis pairs (P, P’), (Q, Q’) such that P C Q2’ but Q q P’. This is because the 
product of such transvections does not fix any mutually skew lines. So, 
given any two centers P and Q of transvections in T(H), they are either linked 
or nonlinked. (P is linked to Q o P C Q’ and Q C P’. If P g Q’ and Q d P1 
we will say that P and Q are nonlinked. We borrow this terminology from 
Wagner [24]). If all the centers of T(H) are linked, then T(H) fixes these points, 
contradicting the irreducibility of H. Therefore T(H) contains some non- 
linked centers P and Q. If o and 7 are transvections with center-axis pairs 
(P, P’) and (Q, Q,‘) with P and Q nonlinked, then the only lines fixed by 
(u, T) are (P, Q) and PL n Q’. Since T(H) fixes at least two lines, these must 
be the lines. The result follows. 
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COROLLARY. The case M irreducible but S reducible is impossible. 
Proof. Recall that M = S, x S, x ... Si isomorphic nonabelian simple 
groups. By Lemma 6.4, S, say, fixes two skew lines. Suppose S, moves them, 
then it must interchange them. This is impossible since S, is simple. 
Case M Reducible 
By Lemma 6.4, M fixes exactly two skew lines. Since M g H, His clearly 
imprimitive. 
This completes the proof of Theorem 6. I. 
7. PRIMITIVE SUBGROUPS H OF G WHICH HAVE THE PROPERTY THAT A MINIMAL 
NORMAL SUBGROUP M OF H IS NOT SOLVABLE AND DOES NOT CONTAIN 
TRANSVECTIONS 
The main result of this section is the following 
THEOREM 7.1. The onto maximal subgroups of G which do not contain 
transvections are thegroup G~tI,i~~ of Section 5 and, if q = 2, A, . 
As before, M is a minimal normal subgroup of a group H C G and M is a 
direct product of isomorphic nonabelian simple groups S. 
As the group Gtil,iz, is dealt with in Section 5, we will not discuss it here. 
The analysis of the cases to be considered is similar to that in Section 6 and 
we follow approximately the same pattern. 
Case M and S are irreducible: M = S. 
LEM~IA 7.2. Let M be a simple nonabelian subgroup of G with the following 
properties: 
(a) M is primitive 
(b) M does not contain transvections 
Then M is isomorphic to one of the following groups: 
6) 4 9 
(ii) 4 , 
(iii) PSL,(29, s > 1, 
(iv) Sz(q’), a Suzukigroup. 
Proof. We will prove Lemma 7.2 by a series of Remarks 7.2.1 through 
7.2.10 and Theorem 7.2.2. 
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Remark 7.2.1. Let M satisfy the conditions of Lemma 7.2 and let P be a 
2-Sylow subgroup of M. Then P has nilpotency class < 2. 
Proof. Since P is a subgroup of a 2-Sylow subgroup of G, it can be 
represented by matrices of the form 
-1 a b c 
1 d e I I 1 f a,b,c,d,eandfallinF,. 1 
The commutator subgroup [P, P] = P’ consists of matrices of the form 
1. cxp 
1 . Y I I 1 . 1 
and P” = [P, P’] consists of ones of the form 
All the nonidentity elements of P” are transvections. M has no transvections 
and therefore we must have P = Identity. Hence the result. 
THEOREM 7.2.2 (Gorenstein and Gilman). Let r be a simple group with 
the property that a 2-Sylow subgroup of r has nilpotency class < 2, then r is 
isomorphic to one of the following groups: 
P%,(q), q + k 1 (mod 1% q odd 
PSL,(2”), n > 1 
Pf%o”) 
PSlJ,(2”) 
Sz(2”) 
A,, R(3”) Sp,(2”) or J1 , the Jankogroup of order 175, 560. 
We proceed to determine which of these groups satisfy the conditions of 
Lemma 7.2. 
Remark 7.2.3. PSL#), p odd in a subgroup of G implies that pr = 3, 5, 7 
or 9. 
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Proof. Let P be a p-Sylow subgroup of PSL,(pT) = I? If Tl E r be an 
element of order p, then Nr( TJ/C,( Tl) is isomorphic to a cyclic group of 
order (p - 1)/Z or p - 1 depending on whether r is odd or even respectively. 
We know from Section 5 that if T be any element of odd order in G, then 
NG( T)/C,( T) ‘v &, . It follows thatp < 7. Now, every element of r belongs 
to one of the following similarity types: 
[121: [’ ;I, PI: [’ +*, [I, 11: [“” J, PI’: [” &] 
where 0 E GF(P~~)\GF(~‘) and 01 is a primitive root of GF(p’). It is clear that 
the p-regular classes of elements in r arise from the types [12], [I, l] and [2]‘. 
The centralizer of an element of type [I, l] in r has order pr - I or 
(p’ - 1)/2 and th a o an element of type [2]’ has order (p’ + I)/2 or pr + 1. t f 
Case p = 7. If Y > 1 and r = PSL,(7’) C G, then I’ does not contain 
transvections and since PSL,(7) contains elements of order 4, r contains 
elements of type 4, . We claim that the centralizer of an element of order 4 in 
r is not a 2-group. Such centralizer has order (7’ f 1)/2 or 7’ f 1. If 7’ - 1 
be a 2-power, then 16 1 (7’ - 1). Since r contains cyclic groups of order 
(7’ - 1)/2, r contains elements of order 8 and so cannot be a subgroup of G. 
Similarly we may assume that 7’ + 1 is not a 2-power. Therefore r contains 
elements of odd order > 1 centralizing an element of type 4, . But we know 
that inside G, C(4,) is a 2-group. It follows that Y = 1. 
Case p = 3 and r even. If Y > 2 and even, we can assume that neither 
3’ - 1 nor 3’ + 1 is a 2-power. r contains elements of order 4 of type 4a _ 
As for the case p = 7 above, we find that (2K + 1) 1 / C,(4,)1 for some K > 1. 
This again leads to a contradiction. 
Case p = 5 and r even. This case can be ruled out using arguments 
similar to those used for the case p = 3. 
Case p = 3 OY 5 and r odd. For this case, a slightly different approach is 
required since we do not necessarily have elements of order 4. We show that 
if T 3 3, P fixes exactly the vertices of a tetrahedron and so N,(P) modulo 
C,(P) < $4 > whereas in r, 
w/c(p) > $4 - 
This contradiction will complete the proof of Remark 7.2.3. 
The p-elements in P now all belong to the same similarity type. If T be a 
nonidentity element of P, then in a suitable field extension T fixes one of the 
following configuration (Section 3): 
(i) all the points of a plane and a further point, 
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(ii) only the vertices of a tetrahedron and its six edges and four faces, 
(iii) all the points of a line and a further two points, 
(iv) all the points belonging to two skew lines. 
Since the product of two commuting homologies is not a homology, we 
cannot be in case (i). 
If T fixes one of the configurations (ii), (iii) or (iv), it follows from Section 5 
that P fixes a unique tetrahedron. It is easy to verify that F has cyclic groups 
of order (9’ - 1)/2 normalizing P and not centralizing it. C(PV-1),2 4 & if 
p = 3 or 5 and Y > 3. 
Remark 7.2.3 is now proved. 
We have the following corollaries to Remark 7.2.3. 
COROLLARY 1. The Janko group, J1 , is not a subgroup of G. 
Proof. This is immediate because J1 has a subgroup isomorphic to 
PSL,(ll) (see Janko [12]). 
COROLLARY 2. The simple Ree groups R(3n) are not subgroups of G. 
Proof. This too is immediate since the centralizer of an involution in these 
groups contains PSL2(3212+1), n > 1. (S ee f or example, Janko and Thompson 
r1311. 
Remark 7.2.4. PSL,(9) N A, and PSL,(S) N PSL,(22) are the only groups 
of Remark 7.2.3 which satisfy the conditions of Lemma 7.2. 
Proof. PSL,(3) is not simple. The rest follows directly from Section 4. 
Remark 7.2.5. Let M be a subgroup of G not containing transvections. Then 
M has no quaternion groups Q. 
Proof. We recall that Q = (A, B 1 A4 = 1, A2 = B2, B-1AB = A-l). Let 
A= 
then 
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We show that A $?Q for any quaternion group Q C G. If B E G is such that 
B-IAB = A-l, then 
B= a, b, c, d, e, f EF, . 
Since B centralizes Z, a = f, B2 = Z and BAB-l = A-l 2 a? = 0 and 
a + u-l + 1 = 0 which is clearly impossible. 
Since A is of type 4, and all elements of type 40 are conjugate in G, the 
result follows. 
We have the following corollaries to Remark 7.2.5. 
COROLLARY 1. The groups U,(2”) cannot occur as subgroups of G not 
containing transvections. 
Proof. This is immediate because Ua(2”) > Ua(2’9 and the latter group 
has a 2-Sylow subgroup which is a quaternion group (see for example, 
Suzuki [22]). 
COROLLARY 2. The groups PSL,(2n), n even, cannot occur as subgroups of G 
not containing transvections. 
Proof. Again this is immediate because such groups contain the groups 
Ua(2”) as subgroups. 
Remark 7.2.6. The groups PSL,(2n) cannot occur as subgroups of G not 
containing transvections unless n = 1. 
Proof. If n is even, this is Corollary 2 of Remark 7.2.5. Suppose n is odd. 
PSL,(2n) contains a subgroup isomorphic to PSL,(2”) which centralizes a 
cyclic group of order 2’” - 1. Since this PSL,(2”) does not contain trans- 
vections and is reducible, we can represent it in G as 
Since n is odd, PSL,(2”) has the same 3-Sylow subgroup as PSL,(2”) and the 
elements of order 3 in PSL,(2”) are the same as the elements of order 3 in 
PSL,(Z). We know from Section 4 that the elements of order 3 in a PSL,(2) 
can be represented by one of the form 
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1 
1 O i I ---_ -. 0 1 1 1 . 
Therefore the representation of P&5,(2”), n > 1, above is impossible. Hence 
the result. 
Remark 7.2.7. The groups Sp,(2”) cannot occur as subgroups of G not 
containing transvections. 
Proof. This is immediate because G contains one class of groups isomor- 
phic to Sp,(2) N $a (Corollary to Theorem 4.3.3) and any such group 
contains transvections. 
Remark 7.2.8. The group A, has an absolutely irreducible representation 
in G. G has one class of groups isomorphic to A, . 
Proof. This is Theorem 4.3.4. 
Remark 7.2.9. The group PSL,(2”), s > I, has an absolutely irreducible 
representation in G implies that PSL,(2”) is contained in Sp,(q’) for some qt. 
Proof. We recall that SL,(2”) E Sp,(2”). Let 
be a set of generators of SL,(2”). Then the set 
0 a nontrivial automorphism of GF(2”) g ives another representation of SL,(2r). 
The tensor product of these two representations is an irreducible representa- 
tion of SL,(2*) with generators 
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This product leaves the symplectic form 
1 
A= 11 L I invariant. 1 
Hence the result. 
Remark 7.2.10. If q = 2?+l, s 3 1, G contains the Suzuki groups, Sz(q’). 
They are subgroups of Sp,(q’). 
PYOO~. In [21], Suzuki constructs these groups as follows: Let F, = 
GF(22s+1) and let 0 be an automorphism of F, such that e(a) = cir, 01 EF, 
where Y = 2”. The matrices S(cy, p), M, j3 E F, , n/r([), 5 # 0, 5 EF, and J 
where 
generate a subgroup, Sz(q), of PGL,(q). 
It is clear from their construction that these groups are subgroups of 
Sp,(q). That there is only one class of such groups in G follows from 
Martineau [15]. 
This completes the proof of Lemma 7.2. 
7.3. NORMALIZERS OF THE GROUPS OF SECTION 7.2 
LEMMA 7.3. Let H be the normalixer in G of an absolutely irreducible group 
M of Lemma 7.2. Then H is a subgroup of a symplectic group if M = A,, 
Sz(q’) or PSL,(2”). If M = A, , H = M. 
Proof. We prove this Lemma by means of Remarks 7.3.1 through 7.3.3. 
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Remark 7.3.1. A, is self-normalim’ng in G. 
Proof. Aut(A,) = $, . We claim that $, g G. $, contains elements of 
order 12 corresponding to (1234)(567) and therefore contains an element of 
order 3 centralizing an element of order 4. This element of order 4 must be of 
type 4, . The only nonidentity elements of odd order centralizing this type of 
element of order 4 are homologies, Therefore $, C G * $r contains homo- 
logies of order 3. This implies that Ai C G contains homologies. This is 
impossible by Section 4. 
Remark 7.3.2. The normalizer of A, in G is & . 
Proof. Since A, is isomorphic to a Chevalley group A,(9), it has a field 
automorphism f of order 2 and a diagonal automorphism d of order 2. 
(A, , d) rv PGL,(9) which has elements of order 8 and so cannot be in G. 
It follows that (A6 , df) q G. S’ mce G has one class of groups isomorphic to 
A, and $a C G, every A, in G is contained in an $a ‘v SO,. 
Remark 7.3.3. The normalizers of the groups Sx(q’) and PSL,(2s) of 
Lemma 7.2 are contained in a symplectic group. 
Proof. Remarks 7.2.9 and 7.2.10 tell us that the groups Sz(q’) and 
PSL,(2*) are contained in Sp,(q’) for some q’. That their normalizers are also 
contained in Sp,(q’) is a consequence of Corollary 2 of Wagner [25]. 
Case M and S Reducible 
W e prove 
LEMMA 7.4. If M is reducible and H r> M is irreducible, then one of the 
following holds: 
(9 HC G(L~,~ . 
(ii) H = PSL,(2*) x PSL,(2”), T, s > 1 and H is a primitive subgroup 
of Wq’) for sme 4’. 
(iii) H is a local subgroup. 
Proof. We will prove Lemma 7.4 by means of Remarks 7.4.1 through 
7.4.4. 
Remark 7.4.1. The direct product of two nonabelian simple subgroups 
of G whose involutions are of type 2s is a primitive subgroup of Sp,(q’) for some q‘. 
Proof. Let r = S, x S, where S, and S, are nonabelian simple groups 
whose involutions are of type 2B . Necessarily, S, N PSL,(2r) and S, N 
PSL,(2”) for some s, r > 1. Since Sa centralizes S, , it, in particular, centralizes 
an involution of type 2, in S, and it acts faithfully on and fixes no points of the 
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line 1 which is fixed pointwise by this involution. Hence S, x S, fixes no 
points. Also, S, does not fix any lines that intersect 1 and are different from 1. 
But the lines fixed by S, are a subset of the lines intersecting I, therefore S, 
does not fix any of the lines fixed by S, . It follows that S, x S, is irreducible. 
It is clear that S, x S, is primitive. 
That S, x S, is a subgroup of Sp,(q’) follows by observing that the lines 
fixed by each of S, and S, are lines of a regulus and so S, x S, is a subgroup 
of some maximal index orthogonal group and hence is contained in Sp,(q’) for 
some 4’. 
COROLLARY. If M and S are reducible, then M = S. 
Remark 7.4.2. If H r> M is irreducible and M is reducible then M fixes 
at least two mutually skew lines and no points. 
Proof. Suppose M fixes a point P, then M fixes more than one point 
otherwise H would fix P. We claim that the points in the orbit PH all belong 
to a line 1. This is because the set PH is fixed pointwise by all involutions of M 
and we know that an involution of type 2, fixes exactly the points of a line. 
Clearly H fixes this line, contradicting its irreducibility. 
If M fixes exactly one line, H will clearly fix this line. Hence the result. 
Remark 7.4.3. If M(= S) fixes more than two mutually skew lines, then 
t E N,(M), t $ M + t E C,(M). 
Proof. Necessarily M = PSL,(27 for some s > 1. M has a cyclic 
group (2’) of order 2” - 1 which can be represented by the matrix 
a 
[ 3 u-1 
where a is a primitive root of GF(29 = F. 
Inside M, (T) is normalized by the involution 
By Steinberg [20], the outer automorphisms of PSL,(29 are those induced by 
automorphisms of F. Let t be a nontrivial automorphism of F such that 
(M, t) C G. Since a is a primitive root of F, t normalizes (T) and does not 
centralize it and t acts as i on (T) only if s = 2. It follows that if s > 2, 
) Nc( T) : C,( T)I > 2. Therefore in a suitable field extension T fixes only 
the edges of a tetrahedron and no other lines. But a tetrahedron has six edges, 
no three of which are mutually skew. Hence the result for s > 2. Ifs = 2, the 
result follows from Section 4. 
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Remark 7.4.4. If H = M x K where K is not simple, then H is a local 
subgroup. 
Proof. If a minimal normal subgroup L of K is an elementary abelian 
p-group, the result is trivially true. K does not contain a direct product of 
nonabelian simple groups by Remark 7.4.1. So we may assume that a minimal 
normal subgroup L of K is isomorphic to PSL,(29 for some r > 1 and that K 
contains an element f normalizing L and not centralizing it. In this case 
Remark 7.4.3 tells us that L cannot centralize any involution since it contains 
a cyclic group which fixes only the vertices of a tetrahedron in a suitable field 
extension. 
This completes the proof of Lemma 7.4. 
Case M Irreducible and S Reducible 
We prove 
LEMMA 7.5. If M is irreducible but S is reducible, then M is absolutely 
irreducible and M and its normalizer are both contained in a symplectic group. 
Proof. The irreducibility and absolute irreducibility of M follow from 
Remark 7.4.1 from which it also follows that M = PSL,(q’) x PSL,(q’) = 
Q*T(Q’), the commutator subgroup of some maximal index orthogonal group, 
O,+(q’) which is contained in Sp,(q’). Also by Section 7.4, a group H 
normalizing M can only interchange the factors in the direct product and so 
H C O,+(p’). 
8. A NOTE ON THE MAXIMALITY OF THE GROUPS OF SECTION 1 .l 
The groups of Section 1.1 have now been determined. That there are no 
containments among these groups is by and large obvious from order con- 
siderations and from the way we have obtained these groups. 
It is not difficult to verify that if q = 4, G~,J C U4(22) and if p = 2, 
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